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1
Euclid $\mathrm{E}^{N}$ ( ) $\mathbb{C}^{N}$ (isotropic curve)
. , , $m$-isotropic curve
. .
Theorem 1 ( $\mathrm{W}\mathrm{e}\mathrm{i}\mathrm{e}\mathrm{r}\mathrm{S}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{S}\mathrm{S}-\mathrm{E}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{p}\mathrm{e}\mathrm{r}$-Darboux-Ejiri Formula) ([2], [3])
full, $(m-1)$-isotropic curve $G$ : $Marrow \mathbb{C}^{2m-1}$ $g(\neq a\langle G, G\rangle+$
$\langle B, G\rangle+c)$ ,
$\langle G^{(k)}, H\rangle=g^{(k)}(k=1,2, \ldots, 2m-1)$
– $H:Marrow \mathbb{C}^{2m-1}$ .
$h= \frac{\langle G,H’\rangle}{\langle G,G’\rangle}$
. ,
$F=( \frac{1}{2}\{1-\langle G, G\rangle\}h+\langle H, G\rangle-g,$ $\frac{i}{2}\{1+\langle G, G\rangle\}h-i\langle H, c\rangle+ig,$ $hG-H)$
$\alpha m+1$ full $m$-isotropic curve .
, full m-isotropic curve $F$ : $Marrow \mathbb{C}^{2m+1}$ $g,$ $G$
.
Remark 1 $m=1$ ${\rm Re} F$ , $\mathrm{E}^{3}$ Weierstrass-
Enneper . Theorem 1 –
Ejiri [3] .
Theorem 1 . (2, 3, 4 ) ,
, 5 Enneper’ surface Catenoid – .
, . ([1],
[4], [5] ) $\mathrm{E}^{N}$ , Riemann
, $2\pi$ .
$g$ , $r$ , .
1113 1999 65-84 65
$\bullet$ (Chern-Osserman ) $\int_{M}KdA\leq 4(1-g-r)\pi$
$\bullet$ (Gackstatter ) full $\int_{M}KdA\leq(3-N-r-4\mathit{9})\pi$
$\bullet$ (Ejiri ) full, $k$-degenerate $\int_{M}KdA\leq 2(1-g-N+k)\pi$
$k$-degenerate , Gauss , $\mathbb{C}P^{N-1}$ $N-1-k$
. m-isotropic minimal surface
6 . .
Theorem 2(Catenoid ) $\mathrm{E}^{2m+1}$ strictly $m$-isotropic ,
Chern-Osserman Ejiri Catenoid .
2 Isotropic curves
$M$ Riemann , $M$ $\mathbb{C}^{N}$ ‘ ’ $F$ (mero-
morphic curve) . , $F$ ( )
$N$ . $\langle, \rangle$ $\mathbb{R}^{N}$ , C
$\mathbb{C}^{N}$ 2 . $\mathbb{C}^{N}$ $V$ (isotropic) ,
$V\subset V^{\perp}:=\{w\in \mathbb{C}^{N}|\langle v, w\rangle=0 \forall v\in V\}$ . , $\overline{V}$
, $V\cap\overline{V}=\{0\}$ , 2 $\dim V\leq N$ .
$M$ $z$ $d/dz$ ’, $k$ $(k)$ .
Definition 1 $F:Marrow \mathbb{C}^{N}$ , $\langle F^{(k)}, F^{(k)}\rangle=0(1\leq k\leq m)$
, $m$ ($m$-isotropic) . (1-isotropic isotropic ) , $m$
$(m+1)$ , $m$ (strictly $m$-isotropic)
.
Lemma 1 $F:Marrow \mathbb{C}^{N}$ $m$-isotropic $F^{(k)}$ .
$\langle F^{(i)(j)}, F\rangle=0(i+j\leq 2m+1)$
Proof) $m$ . $m=1$ . $m-1$
, $m$ .
$F$ $m$-isotropic $(m-1)$-isotropic . ,
,
$\langle F^{(i)(j)}, F\rangle=0(i+j\leq 2m-1)$
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. $i+j=2m-1$
$\langle F^{(i)}, F^{(-1i)}2m-\rangle=0(i=1, \ldots, 2m-2)$ .
,
$\langle F^{()}i+1, F^{(}2m-1-i)\rangle+\langle F(i), F(2m-i)\rangle=0(i=1, \ldots, 2m-2)$ .
$i=m-1,$ $m-2,$ $\cdots,$ $1$
$\langle F(m), F(m)\rangle+\langle F(m-1), F(m+1)\rangle=0$
$\langle F(m-1), F(m+1)\rangle+\langle F^{(m-2}), F(m+2)\rangle=0$
$\langle F(3), F(2m-3)\rangle+\langle F^{(2}), F(2m-2)\rangle=0$
$\langle F^{(2)}, F^{(m}2-2)\rangle+\langle F(1), F^{()}2m-1\rangle=0$
$\langle F^{(m)}, F^{(}m)\rangle=0$ ,




$\langle F^{(i)}, F^{(j)}\rangle=0(i+j\leq 2m)$ (2.1)
.
$i+j=2m+1$ , (2.1) –
$\langle F^{(m+1}), F^{(m)}\rangle=0$ , .
full , ,
, .
Lemma 2 $F:Marrow \mathbb{C}^{N}$ full $F’,$ $F”,$ $\cdots,$ $F^{(N)}$
.
Proof) $(\Leftarrow)$ : $F$ . $l.e$ . $\xi\neq 0$
$C$ , $\langle$ $F,$ $\xi)=C$ ( ) .
, $\langle F^{(k)}, \xi\rangle=0(k=1, \cdots, N)$ . $F’,$ $F”,$ $\cdots,$ $F^{(N)}$ –
.
$(\Rightarrow)$ : $F’,$ $F^{;\prime},$ $\cdots,$ $F^{(N)}$ – , $F$
, ( ) – . $(U, z)$
.
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l , kk($\leq$-Nl) $\text{ }k$
) . –
. $F$ full .
(Case 2) $F^{(N)}\not\equiv 0$ $U$ $F’,$ $F”,$ $\cdots,$ $F^{(k)}$ – , $F^{(k+1}$ )




$\mu_{j}$ . $F$ , $\mu_{j}$
. , $F^{(N)}$ , $U$ $\lambda_{j}$
$F^{(N)}=\lambda_{1}F’+\lambda 2F\prime\prime\lambda_{N}+\cdots+-1F^{(N}-1)$ (2.2)
. , .
$\{*(F’\wedge\cdots\wedge F(N-1))\}’=*$ ( $F’\wedge\cdots$ A $F^{(N)}$ )
$=\lambda_{N-1\{*()\}}F’\wedge\cdots\wedge F(N-1)$
, $*(F’\wedge\cdots\wedge F^{(N-1)})=\exp(\lambda_{N1}^{+}-)\xi$ , , $\xi\in \mathbb{C}^{N}$ non-zero
, $\lambda_{N-1}^{+}$ $\lambda_{N-1}$ .
, $\langle F, *(F’\wedge\cdots\wedge F(N-1))\rangle$
$\langle F, *(F’\wedge\cdots\wedge F(N-1))\rangle’=\lambda_{N}-1\langle F, *(F^{\prime()}\wedge\cdots\wedge FN-1)\rangle$
, $\langle F, *(F’\wedge\cdots\wedge F^{(N1}-))\rangle=C\exp(\lambda_{N1}^{+}-),$ $C$ .
, $U$ , – $M$ $\langle F, \xi\rangle=C$ .
$F$ $\langle x, \xi\rangle=C$ .
Lemma 3 $F:Marrow \mathbb{C}^{N}$ full $F,$ $F’,$ $\cdots,$ $F^{(N-1}$ ) – .
Proof) , $F,$ $F’,$ $\cdots,$ $F^{(N-1}$ ) – , $(F’, \cdots, F^{(N-1})$
– ) $\lambda_{j}$ ,
$F=\lambda_{1}F^{\prime(N1)}+\cdots+\lambda_{N}-1F-$
$F’,$ $\cdots$ , $F^{(N)}$
) $F$ full .
Proposition 1 $F:Marrow \mathbb{C}^{N}$ strictly $m$-isotropic $2m+1\leq N$ .
, $m$-isotropic curve $\mathbb{C}^{2m+1}$ .
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Proof) full . Lemma 2 $M$ $F’,$ $\cdots,$ $F^{(N)}$
– . $P$ Lemma 1 $\mathrm{S}_{\mathrm{P}^{\mathrm{a}}}\mathrm{n}\{F’(P), \cdots, F^{(m)}(p)\}$
m-dim isotropic subspace . $V$ . strictness (
$P$ ) $\langle F^{(m+1)}(p), F(m+1)(p)\rangle\neq 0$ . , $F^{(m+1}$ ) $(p)\not\in V\oplus\overline{V}$ .




. , $F^{(k)}$ – , $(\langle\overline{F(i)(p)}, p(j)(p)\rangle)$
(2.4) $\mu_{i}$ . (2.3)
$F^{(m+1})(p)= \sum\lambda_{i}F^{()}i(p)$ , $F^{(k)}$ – . )
$\mathbb{C}^{N}$ $2m+1$ $V\oplus\overline{V}\oplus\{p(m+1)\}$ .
Lemma 4 m-isotropic curve $F:Marrow\alpha m+1$ strict full
.
Proof) strict full Proposition 1 .
strict , $(m+1)$-isotropic Lemma 1
$\langle F^{(i)(j)}, F\rangle=0(i+j\leq 2m+3)$
, $\det(F’\cdots F^{(+}2m1))=0$ . full .
3 Isotropic curve
Lemma 5 $F:Marrow \mathbb{C}^{N}$ full isotropic curve . , $M$ –
$\omega$ full curve $G:Marrow \mathbb{C}^{N-2}$ 2
$dF= \frac{\omega}{2}(1-\langle G, G\rangle, i(1+\langle G, G\rangle), 2G)$ (3.1)
$\langle G, G\rangle\neq$ constant (3.2)
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.
, $M$ – $\omega$ $\mathbb{C}^{N-2}$ $G$ (3.1)
( ) isotropic curve .
Proof) $F=(F_{1}, \cdots, F_{N})$ , (3.1) .
$\omega:=dF_{1}-idF2;G:=\frac{1}{dF_{1}-idF_{2}}(dF_{3}, \cdots, dF_{N})$
( , $dF_{1}-idF2\not\equiv 0$ full )
$G$ full (3.2) . $P$
. $P$ $dF_{1}-idF2$ . $P$
$U$ $dF_{1}-idF2=dZ$ $z$ ,
$F’= \frac{1}{2}(1-\langle G, G\rangle, i(1+\langle G, G\rangle), 2G)$
$F”=(-\langle G’, G\rangle, i\langle G’, G\rangle, G’)$






$F:Marrow \mathbb{C}^{N}\mathrm{B}^{\grave{\grave{\mathrm{a}}}}\mathrm{f}\mathrm{u}\mathrm{l}1\Leftrightarrow(\langle G, G\rangle, G):Marrow \mathbb{C}^{N-1}\mathrm{B}^{\grave{\grave{\mathrm{a}}}}$ full
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.$\Rightarrow^{1}\langle G, G\rangle\neq \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}$ $G$ full
.
Lemma 6 $F:Marrow \mathbb{C}^{N}$ full isotropic curve , $\omega,$ $G$ Lemma 5
. , $F$ $m$-isotropic $G$ $(m-1)$ -isotropic
.
Proof) $W:=\{dF_{1}-idp_{2}\neq 0, \infty\}\subset M$ . $p\in W$ ,
$dF_{1}-idF2=dZ$ $z$ ,
$F^{(k)}=(-\langle G’, G\rangle(k-2),$ $i\langle G’, G\rangle^{(k-}2),$ $G^{(k-1}))$
. , $\langle F^{(k)}, F(k)\rangle=\langle G^{(-}k1), c(k-1)\rangle$ .
$F:Marrow \mathbb{C}^{N}$ full 1-isotropic curve , $(U, z)$ $M$ .
$F’=^{\mathrm{f}}2(1-\langle G, G\rangle, i(1+\langle G, G\rangle), 2G)$ . $+$
, . ( – . (
$U$ ))
$\int\frac{1}{2}\{1-\langle G, G\rangle\}fdZ=\frac{1}{2}[\{1-\langle G, G\rangle\}f^{+}-\int-2\langle G’, G\rangle f^{+}d\mathcal{Z}]$
$= \frac{1}{2}\{1-\langle G, c\rangle\}f++\int\langle G’f+, G\rangle d_{Z}$
$= \frac{1}{2}\{1-\langle G, G\rangle\}f^{+}+[\langle(G’f^{+})^{+}, c\rangle-\int\langle(G\prime f^{+})+, c’\rangle dz]$
$= \frac{1}{2}\{1-\langle G, G\rangle\}f++\langle(G\prime f+)^{+}, G\rangle-(\langle(G^{\prime+}f)^{+}, G’\rangle)^{+}$
$\int\frac{i}{2}\{1+\langle G, G\rangle\}fdz=\frac{i}{2}\{1+\langle G, G\rangle\}f+-i\langle(G^{;}f+)+, c\rangle+i(\langle(G’f+)+, G’\rangle)^{+}$
$\int Gfd_{Z=}Gf+-\int G’f^{+}dZ=Gf+-(G^{\prime+}f)^{+}$
, .
$1\Leftarrow$ ? $N=3$ $G$ : full $F$ : full.
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Proposition 2full isotropic curve $F:Marrow \mathbb{C}^{N}$ ,
$F’= \frac{f}{2}(1-\langle G, G\rangle, i(1+\langle G, G\rangle), 2G)$
,
$h:=f^{+},$ $H:=(G’\text{ })^{+},$ $g:=\langle H, c’\rangle^{+}$
– , $F$ (up to additional constant ) .
$F=( \frac{1}{2}\mathrm{f}^{1}-\langle G, G\rangle\}h+\langle H, G\rangle-g,$ $\frac{i}{2}\{1+\langle G, G\rangle\}\text{ }-i\langle H,$ $G$ ) $+ig,$ $hG-H)$ (3.3)
, curve $G:Marrow \mathbb{C}^{N-2}$ ,
$H:=(G’\text{ })^{+},$ $g:=\langle H, G’\rangle^{+}$
– (3.3) $\mathbb{C}^{N}$ isotropic curve .
, full isotropic curve $F:Marrow \mathbb{C}^{N}$ , (3.3)
. , $F=$ $(F_{1}$ , . . . , $F_{N})$ ) $G,$ $g,$ $H,$ $h$
.
, Lemma 5 , $G$ $M$ . , (3.3) ,
$F_{1}-iF_{2}=$ , $M$ . , $hG-H=(F_{3}, \ldots, F_{N})$ $H$
$M$ . , $F_{1}+iF_{2}=-\langle G, G\rangle \text{ }+2\langle H, G\rangle-g$ $g$ .
4 $\mathrm{w}\mathrm{e}\mathrm{i}\mathrm{e}\mathrm{r}\mathrm{S}\mathrm{t}_{\Gamma \mathrm{a}\mathrm{s}\mathrm{s}-}\mathrm{E}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{p}\mathrm{e}\mathrm{r}-\mathrm{D}\mathrm{a}\Gamma \mathrm{b}_{\mathrm{o}\mathrm{u}}\mathrm{X}$-Ejiri
, $dF= \frac{\omega}{2}(1-\langle G, G\rangle, i(1+\langle G, G\rangle), 2G)$ full $m$-isotropic curve $F:Marrow$
$\mathbb{C}^{2m+1}$
$F=( \frac{1}{2}\{1-\langle G, G\rangle\}h+\langle H, G\rangle-g,$ $\frac{i}{2}\{1+\langle G, c\rangle\}^{\text{ _{}-}}i\langle H, G\rangle+ig,$ $hG-H)$ (4.1)
. , $g,$ $H,$ $h$ $g’=\langle H, G’\rangle,$ $H’=G’h$ .
, $F$ $m$-isotropic $G$ $(m-1)$-isotropic ,
$g”=\langle H’, G’\rangle+\langle H, G’’\rangle=\langle G’h, G’\rangle+\langle H,$ $G”)=\langle H, G’’\rangle$
$g^{(k)}=\langle H, G^{(k)}\rangle(k=1,2, \ldots, 2m-1)$ (4.2)
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. , $H’=G’h$ $G$ , .
$h= \frac{\langle G,H’\rangle}{\langle G,G’\rangle}$ (4.3)
(4.2) , $H$ $g,$ $G$ ( ) ,
. ( , $G$ full $G’,$ $\ldots,$ $G^{(k)}\text{ }-\text{ _{ } }$ ) $(4.3)$
, $h$ $G,$ $H$ $g,$ $G$ ( ) ,
. , (4.1) , $F$ $g,$ $G$ ( ) ,
.
, , $M$ $g$ full $(m-1)$-isotropic curve $G:Marrow \mathbb{C}^{2m-1}$
, (4.2), (4.3) (4.1) $F:Marrow\sigma m+1$ . (
, well-defined ) $F$ 3
$\mathrm{W}\mathrm{e}\mathrm{i}\mathrm{e}\mathrm{r}\mathrm{S}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{S}\mathrm{s}- \mathrm{E}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{P}^{\mathrm{e}}\mathrm{r}$-Darboux-Ejiri
.
Lemma 7 $F$ l-isotropic .
Proof) (4.2) ,
$g^{(k+1)}=\langle H’, G^{(k})\rangle+\langle H, G(k+1)\rangle(k=1,2, \ldots, 2m-1)$
$(k.=1,2, \ldots, 2m-2)$ (4.2) ,
$\langle H’, G^{(k)}\rangle=0(k=1,2, \ldots, 2m-2)$
,
$\langle H’-c;h, G^{(}k)\rangle=0(k=1,2, \ldots, 2m-2)$
$h$ (4.3)
$\langle H’-G’\text{ }, G(k)\rangle=0(k=0,1, \ldots, 2m-2)$
Lemma 3 $H’-G’h=0$. $G$ 1-isotropic condition
$\langle F’, F’\rangle=0$ .
Lemma 8 $h$ $F$ full .
$h$ $F$ strictly $m$-isotropic, full .
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Proof) $h$ constant , $H^{l}=c’h$ , $H=Gh+A$ (A
). , (4.1) constant full .
nonconstant , $h(z)=z$ $z$
, $F’= \frac{1}{2}(1-\langle G, G\rangle, i(1+\langle G, G\rangle), 2G)$
$F^{(k)}=(-\langle c’, G\rangle(k-2),$ $i\langle G’, G\rangle^{(}k-2),$ $G^{(k-1}))$
, $G$ strictness $F$ strictly m-isotropic.
Lemma 9 $h$ $g$ $g=c_{1}\langle G, G\rangle+\langle A, G\rangle+c_{2}$
, . $c_{i}$ , $A$ .
Proof) $(\Rightarrow)h$ , (4.2) $k=1$ $H=Gh+A$
, $g’=\langle Gh+\mathrm{A}, G’\rangle=h\langle G, c’\rangle+\langle A, G’\rangle$ . , $g=(h/2)\langle G, G\rangle+$
$\langle A, G\rangle+\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}$ .
$(\Leftarrow)G$ isotropic condition $g=c_{1}\langle G, G\rangle+\langle A, G\rangle+c_{2}$ ,
$g^{(k)}=\langle 2c_{1}G+A, G^{(k)}\rangle$ . – (4.2) – , $H=2c_{1}G+A$
. (4.3) $h=2c_{1}$ .
, $\mathrm{W}\mathrm{e}\mathrm{i}\mathrm{e}\mathrm{r}\mathrm{S}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{S}\mathrm{S}^{-}\mathrm{E}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{p}\mathrm{e}\mathrm{r}$-Darboux-Ejiri .
5 $\mathrm{W}\mathrm{e}\mathrm{j}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{S}^{-}\mathrm{E}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{p}\mathrm{e}\Gamma^{-}\mathrm{D}\mathrm{a}\mathrm{r}\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{x}$-Ejiri
$\mathrm{E}^{n}$ ( ) isotropic curve
, , $f:Marrow \mathrm{E}^{N}$ , $f\circ\pi={\rm Re} F$ isotropic
curve $F:\tilde{M}arrow \mathbb{C}^{N}$ . ( $\pi:\tilde{M}arrow M$ ) , $f={\rm Re} F$
isotropic curve $F$ , . $F$ $f$ (lift) .
Example 1(Enneper’s surface) $M=\mathbb{C}$,
$f(z)={\rm Re}(3z-z^{3},3iz+iz^{3},3z^{2})$ (5.1)
Example 2(Catenoid) $M=\mathbb{C}\backslash \{0\}$ ,
$f(Z)={\rm Re}( \frac{1}{2}(-\frac{1}{z}-Z),$ $\frac{i}{2}(-\frac{1}{z}+z),$ $\log z)$ (5.2)
Example 3 (Jorge-Meeks’ $n$-noid) $M=(\mathbb{C}\cup\{\infty\})\backslash \{z^{n}=1\}$ ,
$f(Z)={\rm Re}( \int\frac{1-z2n-2}{2(Z^{n}-1)2}dz,$ $\int\frac{i(1+z^{2n-2})}{2(z^{n}-1)^{2}}dz,$ $\int\frac{z^{n-1}}{(z^{n}-1)^{2}}dz)$ (5.3)
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trinoid ($n=3$ ) (5.3) , ,
${\rm Re}$ (5.4)
.
Definition 2 $f:Marrow \mathbb{R}^{N}$ , $\langle f^{(k)}, f^{(k})\rangle=0(1\leq k\leq m)$ , $m$
( $m$-isotropic) , , $m$ $(m+1)$ ,
$m$ (strictly $m$-isotropic) . .$\cdot$.
, 1-isotropic . , $2f^{(k)}=F^{(k)}$ ,
(strictly) $\mathrm{m}$-isotropic , lift .
, $\mathrm{w}\mathrm{e}\mathrm{i}\mathrm{e}\mathrm{r}\mathrm{S}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{S}^{-\mathrm{E}\mathrm{r}- \mathrm{D}}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{P}\mathrm{e}\mathrm{a}\mathrm{r}\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{x}$ -Ejiri Enneper’s surface
Catenoid – strictly m-isotropic minimal surface .
$\mathrm{w}\mathrm{e}\mathrm{i}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{S}^{-\mathrm{E}\mathrm{n}}\mathrm{n}\mathrm{e}\mathrm{P}\mathrm{e}\mathrm{r}- \mathrm{D}\mathrm{a}\mathrm{r}\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{X}$ -Ejiri , full $(m-1)-\mathrm{i}\mathrm{s}\mathrm{o}\mathrm{t}\mathrm{r}\mathrm{o}\mathrm{P}^{\mathrm{i}\mathrm{C}}$ curve $G:Marrow \mathbb{C}^{2m-1}$
$M$ $g$ $m$-isotropic curve $F:Marrow \mathbb{C}^{2m+1}$
. $F$ $F=\mathrm{W}\mathrm{E}\mathrm{D}\mathrm{E}(M, G, g)$ .
Enneper’s surfa.ce $F=\mathrm{W}\mathrm{E}\mathrm{D}\mathrm{E}(\mathbb{C}, Z, Z^{3})$ . , $G(z)=z$
$g(z)=z^{3}$ lVeiersGrass-Enneper-Darboux-Ejiri $F$ (5.1)
. , Catenoid (5.2) $F=\mathrm{W}\mathrm{E}\mathrm{D}\mathrm{E}(\mathbb{C}\backslash \{0\}, z, z\log z)$
.
, Enneper’s surface , , Enneper’s
surface 2 , $m$-isotropic min-
imal surface $(m=1,2, \ldots)$ . ,
.
Proposition 3 $F_{m}=\mathrm{W}\mathrm{E}\mathrm{D}\mathrm{E}(\mathbb{C}, F_{m-}1, z^{2})m+1,$ $F_{0}(Z)=z$ , strictly m-
isotropic curve $F_{m}$ : $\mathbb{C}arrow \mathbb{C}^{2m+1}$ . ${\rm Re} F_{m}$ : $\mathbb{C}arrow \mathrm{E}^{2m+1}$ ,
, $-4m\pi$ . , ${\rm Re} F_{1}$ Enneper’s surface .
, Lemma .
Lemma 10 $F:\mathbb{C}arrow \mathbb{C}^{2m+1}$ $m$-isotropic $(2m+1)$ . , $\langle F, F\rangle$
$(2m+2)$ . $F$ full $\langle F, F\rangle$ $2m+2$
.
$2F=$ $(F_{1}, \ldots , F_{N})$ , $F$ , maxi $(\deg F_{i})$
$F$ .
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Proof) $F$ m-isotropic ,
$\langle F^{(i)(j)}, F\rangle=0(i+j\leq 2m+1)$ , (5.5)
, $(2m+1)$ ,
$F^{(k)}=0(k\geq 2m+2)$ , (5.6)
. (5.5), (5.6) ,
$\langle F, F\rangle^{(2m}+2)=2\langle F^{(2m}+1), p’\rangle$ (5.7)
$\langle F, F\rangle^{(m}2+3)=2\langle F^{(21}m+), F’’\rangle$ (5.8)
.
, (5.5) $i+j=2m+1$ , ,
$\langle F^{(i)}, F(2m-i+1)\rangle=0(i=1,2, \ldots, 2m)$
2 , .
$\langle p^{(}i+2), F^{(2m-}i+1)\rangle+\langle F(i+1), F(2m-i+2)\rangle+\langle F(i), F^{(2}m-i+3)\rangle=0$
$(i=1,2, \ldots, 2m)$ (5.9)
(5.9) $i=1,$ $\ldots,$ $m$ ,
( $21$ $0211^{\cdot}.1.$. $\cdot 0_{1}2^{\cdot}$.
$31$
) $\langle F^{(1}m+’,)’,\cdot..F^{(m}+2)\rangle\langle F^{(2})F^{()}2m+1\rangle\langle F(m)\langle F^{(3})\overline{p}(m+3)\rangle F^{(}2m)\rangle)=$ (5.10)
. , (5.10) $m\cross m$ $2m+1$ ,
. , $\langle F^{(2)}, F^{(2}m+1)\rangle=0$ . (5.8)
, $\langle F, F\rangle^{()}2m+3=0$ , $\langle F, F\rangle$ $(2m+2)$ .
$F$ full strict , $\langle F^{(m+1)(m+}, F1)\rangle\neq 0$ .
$\langle F^{(2m+1}), F’\rangle$
$=\langle F^{(2m)}, F’\rangle’-\langle F^{(}2m), F’’\rangle=-\langle F^{(2}m), F’’\rangle$
$=(-1)^{m}\langle F(m+1), F(m+1)\rangle$





$\ovalbox{\tt\small REJECT}$ $G=F_{m-1},$ $g(z)=z^{2m+1}$ ,
Lemma 10 , $a\langle G, G\rangle+\langle B, G\rangle+c$ $2m$ $g$ $-$
. , $F_{m}$ .
$F_{m}$ $2m+1$ , , $H,$ $h$
, 3 .
$\deg H\leq 2m+1$ (5.11)
$\deg\langle H, G\rangle\leq 2m+1$ (5.12)
$\deg h\leq 1$ (5.13)
, $H$ . $H$ $\langle G^{(k)}, H\rangle=g^{(k)}$ .
, $(G^{(k)})$
$|G’\cdots G^{(m-1}2)|’=|G^{\prime\ldots(m-}G22)G^{(2m)}|=0$ (5.14)
, $(G^{(k)})$ . $H$
.
$H$ . $\langle G^{(k)}, H\rangle=g^{(k)}(k=1, \ldots, 2m-1)$
$\langle c^{()}k+1, H\rangle+\langle c^{(}k), H’\rangle=g^{(k+1)}(k=1, , . . , 2m-1)$
,
$\{$


















$\langle G^{(k)}, H^{(2}m)\rangle\neq 0(k=1, \ldots, 2m-1)$
$\langle G^{(k)}, H^{(}2m+1)\rangle=0(k=1, \ldots, 2m-1)$
. , $G’,$ $\ldots,$ $G^{(2m-1}$ ) – $H^{(2m)}\neq 0,$ $H^{(2m+1)}=$
$0$ , $H$ $2m$ .
$G’,$
$\ldots,$
$G^{(2m-1})$ $\mathbb{C}^{2m-1}$ , $H’=a_{1}G’+\cdots+a_{2}m-1G^{()}2m-1$
. $G^{(k)}(k=1, \ldots, 2m-2)$ $G$ isotropicity
(5.15) $a_{2}=\cdots=a_{2m-1}$ . , $H’=a_{1}G’$ . ,
, $a_{1}$ $h$ , , $H’=hG’$ . ,
1 .
, $H’=$ G/ $G^{(2m-1}$ ) , (5.15) $\langle G’, c^{(2m-1})\rangle=g^{()}2m$
. $g^{(2m)}$ 1 , $h$ 1
$\langle G’, G^{(2}m-1)\rangle$ $0$ .
$\langle H, G\rangle$ $2m+1$ ,
$\langle H, G\rangle’=\langle H’, G\rangle+\langle H, G’\rangle=h\langle G’, G\rangle+g’=\frac{h}{2}\langle G, G\rangle’+g’$
, $\langle H, G\rangle’$ $2m$ .
Conjecture 1 $F_{m-1}$ Proposition 3 $(m-1)$-isotropic curve , $C_{m}=$
$\mathrm{w}\mathrm{E}\mathrm{D}\mathrm{E}(\mathbb{C}\backslash \{0\}, Fm-1, z\mathrm{o}\mathrm{g})m_{\mathrm{l}Z}$ , strictly $\mathrm{m}$-isotropic curve $C_{m}$ : $\mathbb{C}\backslash \{0\}arrow \mathbb{C}^{2m+1}$
. ${\rm Re} C_{m+1}$ : $\mathbb{C}\backslash \{0\}arrow \mathrm{E}^{2m+1}$ – 2 end
$0$ , , $-4m\pi$ . , ${\rm Re} C_{1}$ Catenoid .
Proposition 4 $m=2,3,4$ Conjecture 1 .
, $C_{2},$ $C_{3},$ $C_{4}$ .
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$F_{2},$ $C_{2},$ $F_{3},$ $C_{3}$ , 3 , .
$F_{2}(z)=(- \frac{1}{3}z(3Z4+5),$ $\frac{i}{3}z(3z-45),$ $\frac{5}{6}z^{2}(z^{2}-6),$ $- \frac{5}{6}iz^{22}(_{Z}+6),$ $- \frac{10}{3}z^{3})$
$c_{2(_{Z)}}F_{3}(z)==(- \frac{z(}{10}(10z^{6}-63)(\frac{1}{72}\frac{1}{z^{2}}-3z^{2}),,$ $\frac{i}{72}(\frac{1}{z^{2}}+3_{Z}2),\frac{1}{18}(\frac{3}{z}+z)\frac{iz}{10}(10_{Z}6+63),-\frac{21}{10}z(2z+45)’,\frac{21ii8}{10}Z2^{-Z}\frac{}{1}(\frac{3}{z}),\frac{1}{12}(1-2\log Z(z-45),))$
$\frac{21}{10}z^{3}(z^{2}-10),$ $- \frac{21}{10}iz^{3}(z+10)2,$ $- \frac{21}{2}z^{4})$
$C_{3}(z)=( \frac{1}{3600}(\frac{9}{z^{3}}+10z^{3}),$ $\frac{i}{3600}(\frac{9}{z^{3}}-1\mathrm{o}z^{3}),$ $- \frac{1}{400}(\frac{5}{z^{2}}-3_{Z^{2}}),$ $- \frac{i}{400}(\frac{5}{z^{2}}+3z^{2}\mathrm{I}$
$- \frac{1}{80}(\frac{6}{z}+z),$ $- \frac{i}{80}(\frac{6}{z}-z),$ $\frac{1}{120}(6\log z-5))$
, ‘Ejiri Formula , $M$
, topology non-trivial immersion
’ .
, ansatz , end 3
?
Jorge-Meeks’ n-noid – .











$G(z)=( \frac{5}{6}z^{2}(1+Z)6,$ $\frac{5i}{6}z(21-Z^{6}),$ $\frac{4}{3}iz^{5)}$
$g(z)= \frac{4}{243}\{2z^{2}$ $(10- 41z^{3}+40_{Z^{6}})$
$+30 \sqrt{3}(z^{10}+1)\arctan(\frac{1+2z}{\sqrt{3}})+$ $15(z^{10}$ – 1 $)$ $\log\frac{z^{2}+z+1}{(z-1)^{2}}\}$
, 2-isotropic 3 end $-20\pi$ .
6
, . ([1], [4] )
$f:Marrow \mathrm{E}^{N}$ , $M$ Riemann $\overline{M}$
$p_{1},$ . . . , . $p_{s}$
end . Gauss $[\partial f/\partial z]:Marrow \mathbb{C}P^{N-1}$ $\overline{M}$
. , $\partial f/\partial z$ end . , 2
. , $s=1,$ $\ldots,$ $r$ $p_{s}$ Laurent
$\frac{\partial f}{\partial z}=\frac{1}{z^{l_{\mathit{8}}}}a_{-\iota}^{S}s+\cdots+\frac{1}{z}a_{-1}^{S}+$ holomorphic part, $a_{-}^{s}l_{S}\neq 0\in \mathbb{C}^{N}$ (6.1)
$l_{s}\geq 2$ $(s=1, \ldots, r)$ (6.2)
. (6.2) Chern-Osserman .
,
$a_{-}^{s}l_{s}’\cdots,$ $a_{-1}^{s}$ $(1\leq s\leq r)$
$\mathbb{C}^{N}$ $V$ ,









. Ejiri , (6.5) .
, Chern-Osserman Ejiri
. , Jorge-Meeks’ $n$-noid Chern-Osserman
. , Jorge-Meeks’ 2-noid Catenoid
.
.- , Ejiri , 5 ${\rm Re} F_{m}(m=1,2, \ldots)$
${\rm Re} C_{m}(m=1,2,3)$ . Lemma 11
.
Lemma 11 $\mathbb{P}^{m+1}$ strictly m-isotropic mimimal surface $f$ nondegenerate .
Proof) $f$ lift $F$ strictly m-isotropic, , Lemma 4 $F$ full
. Gauss $[f’]$ $[F’]$ , nondegenerate ,
$\xi\in\alpha m+1$ $\langle F’, \xi\rangle=0$ $\langle F, \xi\rangle=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}$ full
.
${\rm Re} C_{1}$ Catenoid . , Catenoid Chern-Osserman , Ejiri
. , $\mathrm{E}^{2m+1}$
strictly $m$-isotropic Catenoid Theorem 2
. , .
Lemma 12 $\mathbb{P}^{m+1}$ strictly $m$-isotropic minimal surface Chern-Osserman
, end $m+1$ .
Proof) Chern-Osserman , end
2 . , Laurent (6.1)
.
$\frac{\partial f}{\partial z}=\frac{1}{z^{2}}a_{-2}^{s}+\frac{1}{z}a_{-1}^{s}+\mathrm{h}\mathrm{o}\mathrm{l}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{c}$ part, $a_{-2}^{s}\neq 0\in \mathbb{C}^{N}$ (6.6)
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Case 1 $m\geq 2$ :2-isotropic , (6.6)
$a_{-1}^{s}=0$ (67)
. , $\dim\tilde{V}\leq 2r$ . (6.3) , $2m+1\leq$
$2r$ . $m,$ $r$ $m+1\leq r$
.
Case 2 $m=1$ : Balancing formula ,
$3=\dim\tilde{V}\leq 2r+(r-1)$ (6.8)
, $4\leq.3r$ , $r$ $2\leq r$ .
Lemma 13 $\mathrm{E}^{2m+1}$ strictly $m$-isotropic minimal surface Chern-Osserman ,






, Lemma 12 $0$ , $0$ , $0$ .
Theorem 2






, $m\leq 2$ , (6.7) $\dim_{\mathbb{C}}V\leq r=m+1$ ,
(6.11) .
, $m=1$ . , $g=0,$ $r=2$ , $-4\pi$
, Catenoid .
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$\mathrm{E}^{2\dot{r}n+1}$ strictly m-isotropic Chern-Osserman
.
, . Lemma 12 , end $m+1$ .
, $m=1$ end 2, 3, 4, $\cdots$ . Jorge Meeks’ $n$-noid
.
$m=2$ , end 3, 4, 5, $\cdot$ .. .
, .
Proposition 5 $\mathrm{E}^{5}$ strictly 2-isotropic, $0$ , end 3 , Chern-
Osserman .
Proof) $\mathrm{E}^{5}$ strictly 2-isotropic, $0$ , end 3 , Chern-
Osserman .
, $\mathbb{C}\cup\{\infty\}$ 3 . ( –
) 3 1 3 $\{z^{3}=1\}$ –
. Chern-Osserman $\frac{\partial f}{\partial z}dz$ end
2 , . , $(z^{3}-1)^{2_{\frac{\partial f}{\partial z}=\Omega}}$ $z=\infty$
. , $\Omega$ . $\Omega$ 4 . (
,
$( \frac{\partial f}{\partial z}d_{Z})(\frac{\overline\partial f}{\partial z}d_{Z})$
$z=\infty$ )
, .
$\frac{\partial f}{\partial z}=\frac{a0^{z^{4}}+a_{1^{Z^{32}}}+a_{2}z+a_{3}Z+a_{4}}{(z^{3}-1)^{2}}\}$ $a_{j}\in \mathbb{R}^{5}$ (6.12)








. , strictly 2-isotropic
$\langle\frac{\partial f}{\partial z}, \frac{\partial f}{\partial z}\rangle=\langle\frac{\partial^{2}f}{\partial z^{2}}, \frac{\partial^{2}f}{\partial z^{2}}\rangle=0$, $\langle\frac{\partial^{3}f}{\partial z^{3}}, \frac{\partial^{3}f}{\partial z^{3}}\rangle\neq 0$
.
, .
$\mathrm{E}^{2m+1}$ strictly $m$-isotropic Chern-Osserman
?
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